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DETERMINATION OF THE EQUILIBRIUM CONSTANTS OF 
SELF-ASSOCIATING PROTEIN SYSTEMS 

XI. The application of C 
2 

in graphical analysis and the enumeration 
of interacting species in t e ultracentrikge* 
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A greaily simplitied procedure is proposed which employs C = f(r) as determined from sedimentation equiIiirium 
measurements in graphical analysis of self-associating protein systems and in the enumeration of interacting species 
in the uhracentrifuge. Basic eq*c?ions given here are applicable to any self-associating system. A procedure is out- 
lined for enumeration of in:eracting components independenr of non-ideal behavior, using principal component anr& 
ysis. 

I. Introduction 

Zn recent years the study of associating protein 
systems has developed in two basic directions. The 
most widely applied procedure considers the weight 
average molecuIar weight distribution as a function 
of concentration [I -181. More recentIy, a second 
approach has been applied based on concentration 
distribution as a function of radial distance in sedi- 
mentation equilibrium measurements [ 15,18--21]- 
Although significant progress has been made in recent 
years% evaluation of interacting components based on 
molecular weight distribution is still a difficult prob- 
lem. 
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Since the equilibrium concentration profile is high- 
ly sensitive to the species distribution, the evaluation 
of the concentration Gas a function of radial distance 
r can be used to determine the mode of association. 
In addition, evaluation of C =j(r) provides informa- 
tion which permits determination of the number of 
species participating in self-association equilibria, in- 
dependent of non-ideal behavior. 

The procedure most wideIy used in moIecuIar biol- 
ogy and biochemistry in the past to determine the 
number of linearly independent components in art 
interacting system employs matrix rank analysis ]22- 
25]_ In molecular sieve chromatography, a series of 
weight average partition coefficients, each at a differ- 

ent equilibrium state artd gel porosity, have been used 
to enumerate interacting components ]26]. Matrix 
rank analysis has been applied to a series of diffusion 
measurements to enumerate interacting species in the 
ultracentrifuge [27]. Most recently, the use of factor 
or principal component analysis, two long-recognized 
statistical techniques, has been proposed as a more 
effective alternative to matrix rank analysis for com- 
ponent einumeration [28,29] _ 

In this cwnmunkation, we describe the application 



The c~~ce~tr~tiun gradient at a given place in the cell 
caIumn is expressed as 



Go* C&S q-2,---, t&, where r. 2 a and rn < b. 

% 
=cpc* 

c’, 
= cro + 2Ac, 

c*s = c, + 3Ac, 
0 

. 

. 

-en 
= cro i- nAc. (14) 

Substituting values from eq. (14) into eq. (I I), 

$5 
= exp [-l?Ml(Cr, - Cro)] = exp [-B&f, AC] = 0, 

(15) 
$J~~ = exp [-BMr(C&-- CrO)] = exp[-BMI nAc] = p” _ 

Therefore, eq. (13) can be written as 

Eq. (13a) is fundamental in the evaluation of equihb- 
rium constants and the mode of association for self- 
associating protein systems. 

3. The application of Ctr, to self-associating protein 

systems 

To illustrate its use, eq. (13a)‘s application to sev- 
eral cases of discrete and indefinite association will 
be considered in greater detail. 

Cure (i): tii Z P, , (n > I). 

A set of three equidistant points. C, , C, , and Cr2, 
is selected for evaluation of C,, , C hfl hnd K 
A second set of points reconfE”m %&e interactioi- 
parameters, and so on until the values of BMl and K, 

are consistent, at which point the correct mode of 

association has been determined. This requires the 
evaluation of scores of data points from several in- 
dependent sedimentation eqtiltbrium experiments, 
varying the initial concentration. A similar procedure 
is followed for cases of three or four-species associa- 
tion. 

(16) 

Evaluation of C,, , Cm0 and #3 is accomplished by 
simultaneous e&in&ion, using three equations and 
three unknowns as follows. 

Thus, 

(17) 

may be rewritten as 

6, an expression of non-idea&y, can be evaluated from 

eq. (18a) since CrO, Crr, trL and Qr2 are known quanti- 
ties. The urhawn quantrttes CWo, Ciro, and BMI may 
be obtained as follows 

A similar procedure is followed For three species 
and four species association. As is characteristic of the 
non-ideality effect, the linearity tends to increase with 
increasing BM, value. 

t%e (ii): qP, Z rP, + Spa, (tt>m> 1) 

In order to analyze a case in which three species 
are involved in chemical equilibrium, using concentra- 
tion as a function of radial distance, one must select 

several sets of data pointsro, rt, r2 and r3 so that 
era - c,, = crs - cr, = crt - c$e = fX 



When four species are inv&ed in chemka~ equ&b- 
t&n, choose five points on the C= f(t) curve, rOW rr, 
r-p t3 and r4 such that CQ - C,.. = C,.. - CFz = CS - C, 
=CPa - C’, = AC 

f 

The thcoreti&l considerations to be applied to in- 
d&&te a~c~tiu~ are simibr TV the procedure out- 
Lined by Bias and Ljrs f9j and Van iiolde and Rose 
setti [3Sf _ The quantity X-C > 1, where X- is the in- 
trinsic equilibrium constant denoting quantities CCISI- 
&tent with Eli&~ and Lys’ notation. 

The total ~ncentrat~on, C, can be expressed as 
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Three points,r., r1 and r2 are selected so that the 
concen&ation increment gives C$, - C& = Crz-- CrI = 
AC. In some cases, several such sets must be evaluated. 

Elimination of Ct,.. gives 

c&w’ =c,(l-G~)21<~ 

(28) 

cl = or, @ = exp [Uf[< -2) ] exp(--f3MI AC), 

S, = QrzB2 = exp[,!NI(<-r$)] exp(-B&fI 2AQ. (29) 

Eqs. (28) and (29) are used for evaluation of Bhfl, 
and eq_ (29) gives {I_ Knowing cl, it is possible to 
ev&uate 

(30) 

From eqs. (25) and (30), 

ctiO = cr.J i -kCIJ = Cr,( I --x)2. 

The equilibrium constant k is computed from the foi- 
lowing expression 

k =x/Cl, _ (31) 
0 

This procedure, which incorporates the non-ideality 

term B&f1 as well as the ideal case, can be applied to 
numerous cases of ideal and non-ideal association in 
a biological system. Its greatest advantage, beyond its 
wide applicability, is the relative simplicity of the 
computation involved compared to previously known 
procedures (see appendix 11). 

4: Basic equations for the application of C&) in graph- 
ical analysis 

4. I. Graphical appmaclt to non-ideal nms 

The quantities C v~?rsus r and dC/dr versus r are ex- 
perimentally determined from sedimentation cquilib- 
rium measurements. From the previous section, it is 
apparent that when the equilibti~m conditions are met 
the following expressions arc applicable. 

(32) 

htting Qi = Ci expiBMt C and a, = Cl exp &VI C. 
cq. (32) becomes 

dai - i*i, 
% _=a 

da’ do’ ’ 
and ai =aia expi(LTT-02). 

(33) 

wllere u2 = LMtF _ Thus, eq. (33) may be expressed 
as* 

JZq. (34), expressed in terms of C and r, may be re- 
arranged to yield an equation formally equivalent to 
the Goldberg equation (3)_for sedimentation equilibria 
data. Hence dC/do2 is equivalent to &&,&?/Ml _ 



This expressian is equivalent to the v&i&t avenge 
molecular weight for the self~ssociating solute. Thus, 
we may define a new wei&t average quantity I, ab- 
tained by rectanguiaf approximation. 

E$. (3@ is appk3bEe only when the menisizus Cm 
is depleted in the setlimentation run. ff &is is not the 
-se, the quantity I must be plotted as 3 function of 
concentration snd further extrctpolation is required. 
in order to cvzxluate the quantity fin this equation, 
experiments must be performed at sevtxd conccntra- 
tions. 

Entegmtion of eq. (38) gives 

Equations given to this point wilS suffice to widu- 
ate the U&JOWR quantities C’i and Blcff . Once these 
quantities are known, the made of association and 
the equilkktm constant can be evaluated by graphi- 
cal analysis as folk3ws. 

Infa= lJlfi +3lti;c WI 

Elimination of the non-ideal@ term from these equa- 
tions yields two fundamental expressions which c3n 
be applied to any seif-associating system. 

$=(?_rlC- d&dbzC) 



where fl is less. than 1. 

4=2<r -m+ Ii?i) 

(47) 

Given values off at various concentrations,fl is readi- 
ly obtained,fI may afso be evaluated from eq, (43) 
as follows 

I 
17 f We -fi =P& 

where fi =f(E)_ From eq. (33), 

f, = (u,JC)en~ and fi = fade_ 

Thus, 

r,/Jz&=@ and f, = WC) U; /I$ 

Eqs. (47) and (48) yield 

These expressions may be combined to yield 

In Fa =IrW& s-n(aL+. C49) 

In brief summary, the graphical procedure for plotting 
fn Pa versus (02-G) from eq. (49) is as follows 

(1) For each n, eq. (45) gives 

f& = a-i-b, 

= a-b, 

(2) Plotting hr Fn versus (~~--o”,) should yield a 
straight line wit11 a slope zz, and intercept hick%; then 
B&.f~ = lx&f-- ff~)/~ for each given con~e~irat~oR. If no 
straight line is obtained, l-m association is not oper- 
ating in the system. 

(3) Equilibrium constants are evaluated from a 
f,/C, and lu, = Cl0 f C, . 

43’ 

equilibrium constant applies to monomer addition 
for ah species. the basic assumptions and notation are 
consistent with those of Elias and Lys [9] 1 Van Holde 
and Rossetti 1351, and Adams and 3Lewis [&I]. 

c=c~/(c1-kc~)2, 

d$ I -kc, 
- =- SBltfiC, 
dInC 1 +kC, (53 

IjC=(I - kC1) +@‘W~C 

Elhnination of the non-ideality term from these equa- 
tions yields 

(51) 

Letting kCL = A, then eq. (5 1) becomes 

4WWx) 
(1t-x) 

or 

2P+(~-l)xc(~- I) SO_ f521 

This quadratic equation yields 

X=$~-(i;‘-l)~J(~-~)2-8(~-1)~. (53) 

AtC,-+O,~=iandX=kCI~O.Kn~case,eq. 
(53) carries a negative sign at low concentration. As 
the concentration increases kc1 --f I and 5 -+ 0, and 
oniy a positive sign of the quadratic eq. (53) will satis- 
fy these conditions. To evaluate the apparent weight 
fractions, eq, (33) and h determined from eq. @3) 
are combined, giving the expression 

lncr=2ln(l--X)+InC-z2~/c-Er-X)]. 

which is equivalent to 

64) 

blo! = hI[o*exp(cr2-$)J =hM.() “(az-c@_ W) 

Eq- (55) may be rewritten as 

%lae = hILLi, +{o-L7$_ 6=1 

F tnde can be evaluated from this expression, providing 
that C., e and IfCare known. In graphical analysis, a 
plot of 37;i,e versus (g--$) is constructed. If inde- 
r-mite zzociation is operating in the system, the plot 
should field a straight line. 

In cases of indefiite association, in which a single 



53 

4.2. Gr~pi2ica~~ppro~cct to tiedcases(seeappe2d.x 

14 

The methods outlined may be readily appiied to 
ideal cases of self-association in which B&f1 = 0. 

5. Enumeration of interacting specks in self- In order to set up the matri.., eq. (13a) can be re- 
associating protein systems written as 

Eq. (13a) in section (2) is a fundamental expres- 
sion in the enumeration of components by principal 
component and factor analysis. These methods deter- 
mine in principal only linearly independent compo- 
nents or species. AlI linearly dependent species appear 
as one component. 

1 

Z’fi=~csj<kj, (s= 1,2,...,tz;k= 1,2 ,a_., r). (57) 
j=l 

A set of tI X I equations of the following matrix can 
be set up based on C versus r data as described above. 

r % cr2 -411 
5.1. Generation of the matrix from the concentration 

profile QSQ fUt2Ctio?2ofrQdkZldishZtZce 

After the initial sedimentation equilibrium runs 
have been made as described below to generate the 
matrix, duplicate runs are made at varying concentra- 
tions and the profiles of C=f(r) recorded in tabular 
form, as follows: 

Radial distance r1 r2 r3 .. - ri 

Chc. (g/dl) Cl1 cl2 Cl3 --- Cl1 
Error 1 Eli El2 53 l *- Eli 

In order to establish the error matrix, several initial 
runs are made at a given concentration. Ip is assumed 
that the error values determined for these initial runs 
remain the same for alI runs at other concentrations- 
Indeed this is probably not the case, but determina- 
tion of the error values at every concentration is not 
feasl%ie. The error value for a single element is deter- 
mined from the standard deviation: 

where Ct,l is the mean value of 11 measurements. 
All concentration profiIes are sampled over the 

entire length of the liquid column and at as many 
points as is practical (15-20 points of the radial dis- 
tance are minimal). 

From a series of such tables at varying concentra- 
tions, the data matrix is generated, with the number 

of rows being equal to the number of duplicate sample 
runs, and with each column representing a specific 
value of Cm from eq. (13a). 

5.2. Selting up the matrix for principal component 

1361 Q?ZQij’SiS 

C*l = 

- - 
C2, C22 --- q 

t 
. - . 
. . 
. . 

I R2J J R23 *-- R.z I 

I .._R3z - 63) 

L 41 %2 R,, .._ i 
1 

A simplified procedure based on the tz X 1 matrix 
follows, to demonstrate the relative ease with which 
it can be used to enumerate components in a system 
using a Biomed computer program (03M, by Dixon, 
UCLA) [39] - [C&l is converted to the correlation 
matrix, [R&l , which determines the correlation be- 
tween c., and E-k where the first subscript denotes 
an observation. Let X, be the Iargest eigenvalue of 
[RJ between c.-E and e.k. This correlation matrix 
is replaced with the eigen matrix which foliows. 

$1 %2 R,, -41 

R2, ‘22 R23-- %I 

_ . S 33 --- R3i 
* I . , 
. . . . 

R, R,z R,, ___ 4 

(59) 
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Diagonal elements of this matrix,$, are the square 
multiple correlations of C_j with C_1 . . . F.l. Let 
f+,e2 1 --*, 0, be the eigenvalues and aI, a2, . . ..az be 
the associated eigenvectors of this matrix. Although 
eigenvalues may be negative or positive, only positive 
values are considered. The number of components 
will be equivalent to the number of eigenvalues 
greater than unity accounting for most of the total. 

Enumeration of components by principal com- 
ponent analysis is a simple matter, and after consider- 
ing statistical significance and criteria used in the anal- 
ysis, it is apparent that the eigenvalue is one of the 
best tools available for delineating the number of 
components present in a system [28,29,37]. Perhaps 
the biggest drawback of this simple criterion is the 
problem posed when eigenvalues are close to unity. 
For example, it does not appear altogether proper to 
retain an eigenvalue of 1 .OO and drop a subsequent 
one of 0.97, or to consider that an eigenvalue of 0.98, 
for example, does not belong to a component or fac- 
tor contributing signScantly to the result. In such 
instances, other empirical criteria or perhaps rigorous 
statistical tests may be useful to supplement the anal- 
ysis_ When principal component and factor analysis 
are used, these methods determine in principal only 
linearly independent components. All linearly depen- 
dent components appear as a single component. 
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Appendix I: Non-linear least square analysis for evzdu- 
ation of Bfi$ and C- 

ub 

In order to compute C=f(r), eq. (10) becomes 

n 

-BM1(C-Cr_)] +i$ (i’l,..‘, m), (A-l) 

where 4, the experimental error in making a measure- 
ment, can be written as 

As noted from eq. (A.2), we are trying to determine 
CirO and BM, SO as to minimize the sums of the square 
of the experimental error function, i.e., 

Cir. expi [~~(~-r$-BfW~(C-C,O)] a 

(A-3) 
J 

(A-4) 

The most common procedure for non-linear least 
square analysis is based on a modified Gauss-Newton 
method (BMD X85, UCLA, No.3, Biomedical com- 
puter program of Dixon, 1969). In order to compute 
Cq- (10) in Which Cir and BMI are unknown, the con- 
centration as a funct:on of radial distance, initial val- 
ues of C& and 5fifl must be assigned. Once the initial 
estimates%a b ve een put in, the computer program 
makes continuous changes in the parameters, with 
each iteration resulting in successively smaller mean 
square deviations of the observed Cj value of eq_ (10) 
with respect to f(r). The procedure is continued un- 
til the mean square deviation is minimkzed. 

Appendix II: Graphical approach to ideal cases 

Gzse (i): Monomer-n-rner assocriztion 

(1) A plot of In (C-Cl) versus (g- c# will give 
a straight line with a slope of n InC’ is evaluated 
at the intercept, where Q =.oo. 

(2) A plot of lzl (dC[do2-C) versus (02- 4) gives 
a slope of n. The intercept will yield In (R- l)C& ; 
thus Kn = C% /CC” )“. 

Gzse (ii): h-definitz asticrirhim 

PIoWing ln( 1 -I/C) versus (g- 0:) should yield 
a straight line with a slope of kC&_ C& may be direct- 
ly exduated from 



Clz.se (iii): Three species izssocirztion 

(I) A piot of In Fm = bl(n-m)C 
Versus (02- o$) will yield a straight P 

* n(iA 4, 
me, where m is 

assumed and n is obtained from the slope. Thus, 
b@-nzzC~ may be evahiated at the intercept. 

(2) Y2 = (dCfda2)-2C-Cl for 1-2-n association, 
F. = (dC/du2)-3C+2Cl for 1-3-n association, etc. 
G = Cmofc~*, Kn = C~/C~. 
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