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SELF-ASSOCIATING PROTEIN SYSTEMS
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A greaily simplified procedure is proposed which employs C = f(r) as determined from sedimentation equilibrium
measurements in graphical analysis of self-associating protein systems and in the enumeration of interacting species
in the ultracentrifuge. Basic equztions given here are applicable to any self-associating system. A procedure is out-
lined for enumeration of interacting components independent of non-ideal behavior, using principal component anal-

ysis.

1. Introduction

In recent years the study of associating protein
systems has developed in two basic directions. The
most widely applied procedure considers the weight
average molecular weight distribution as a function
of concentration {1—18]. More recently, a second
approach has been applied based on concentration
distribution 2s a function of radial distance in sedi-
mentation equilibrium measurements {15, 18—-21].
Although significant progress has been made in recent
years, evaluation of interacting components based on
molecular weight distribution is still a difficult prob-
lem,
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Since the equilibrium concentration profile is high-
ly sensitive to the species distribution, the evaluation
of the concentration C as a function of radial distance
r can be used to determine the mode of assaciation,
In addition, evaluation of C = f(r) provides informa-
tion which permits determination of the number of
species participating in self-association equilibriz, in-
dependent of non-ideal behavior.

The procedure most widely used in molecular biol-
ogy and biochemistry in the past to determine the
number of linearly independent components in an
interacting system employs matrix rank analysis [22—
25]. In molecular sieve chromatography, a series of
weight average partition coefficients, each at a differ-
ent equilibrium state and gel porosity, have been used
to enumerate interacting components [26] . Matrix
rank analysis has been applied to 2 series of diffusion
measurements to enumerate interacting species in the
ultracentrifuge [27]. Most recently, the use of factor
or principal component analysis, two long-recognized
statistical techniques, has been proposed as a more
effective alternative to matrix rank analysis for com-
ponent enumeration [28,29].

In this communication, we describe the application
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of C in graphical analysis of self-associating protein
systems and in the enumeration of the interacting
species. The effectiveness of principal component
analysis for enumeration of these components in the
ultracentrifuge is discussed,

2. Evaluation of C‘m

The assumptions that are used in analysis of self-
associating protein systems based on sedimentation
equilibrium measurements have been previously de-
sciibed, The differential equation for sedimentation
equilibrium [30-33} is given by

dinC; w*(@pfACYHM,
5;2 = m? zwjﬁ (1)

where C; is the concentration of the component 4;
and &; = iM, . The partial differential, 8p/3C;, at con-
stant concentration of all other species, equals (1-0p),
where ¥ is the partial specific volume and p is the den-
sity of the solution. Eq. {1) is integrated between any
two limits, 2 and b, provided that r, <z anpd r, <5,
where r; and ry, refer to meniscus and bottom of cell
respectively. Thus

M, =L dinCpdr, @

where L = (1-ip)w?/2RT. Here, w is the anguiar ve-
Iocity. The apparent weight average molecular weight
{3,31] for the selfassociating system is represented
by

1 1

-
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where My, is the concentration dependent weight
average molecular weight and B is the second virial
coefficient. By definition, the weight average molec-
ular weight M = 3, CM,/Cand C= EiK,‘C‘; where
C; is the concentration of monemer, and Cis the
total initizl concentration. The exprassion for molec-
ular weight, including the non-ideality term BM,, be-
comes

M, M, ZiKC
- 181 = &

L€ Cremmzig,ct’

The concentration gradient at a given place in the cell
column is expressed as

ﬁng_} .g:g::zﬁ ng il I dcl
a? a2dq g2 TR

Combining egs. (2) and (4},

D iRCE
car T (e

1 or ok g1 i
Mros = Zf)tKiC’iL E:é?' (5)
From egs. {3} and (8).
N 4G
1+BM zKC‘) oo, )
( ! L?' e a?
+BM, ——=LM,, )
dr2 tar

in which the dC, Jdr? term is obtained from eq. (4),
Integration of ¢q. (7) yields

G /G, + BM(C—C, )= LMy (>~ r), ®)
& =Gy explLAf -2 ~BM (C-C )], ®

where &, is the concentration of monomer at the
radial distance ry. Since the concentration for the ith
species (see appendix I) is expressed as

c =Ke5§§, expi[LM, (P —r3) —BM, €c-c )b o
10}

;= G, expilldy (P~ rd) - BM(C-C, )],

where G, is the concentration of ith species at the

radius ry. Letting

¢, =explLM(-r0)l, ¥, =exp[-BM(C-C))],

an
then
Cr = 80l (12)
ADILE IR t3)

where C, is the concentration distribution at a given
radial distance r. In order to evaluate the concentra-
tion 2s a function of radial distance obtained from
either schlieren or Rayleigh interference fringe data
[19,32,34], (» + 1) equidistant points are chosen,
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G G Gy s
G, =C, +Ac
C, =C, +24c,
C, =G, +34c,

*» G Whererg >aandr, <b.

G, =G, tnic. (14)

Substituting values from eq. (14) into eq. (11),

lllr = exp[-BM, (C -C )] =exp[-BM, Ac] =

(15)
¥, =exp [_BMl(Cr,,— C'o)] =exp[-BM, nAc] =p".

Therefore, eq. (13) can be written as

Crn = ‘Z>Cir°¢:',,5‘n' (133)
Eq. (13a) is fundamental in the evaluation of equilib-

rium constants and the mode of association for self-
associating protein systems.

3. The application of C(r) to self-associating protein
systems

To ilustrate its use, eq. (13a)’s application to sev-
eral cases of discrete and indefinite association will
be considered in greater detail.

Case (i): nF, <F,, (n>1).

A set of three equidistant points, C,. C’; ,and G,
is selected for evaluation of Cl, , C"’e' A, and K,.,.
A second set of points reconfirms these interaction
parameters, and so on until the values of BM; and K
are consistent, at which point the correct mode of
association has been determined. This requires the
evaluation of scores of data points from several in-
dependent sedimentation equilibrium experiments,
varying the initial concentration. A similar procedure
is followed for cases of three or four-species associa-
tion.

C’o - l’o+ nry’
— nan
Crl _Clru ‘Zs'rl‘i +Cm'o¢r,6 ’

= 2 2
&, _leo¢’2‘3 +C"’o¢¢zB ) 16

Evaluation of Cl,. » Cpp. @and g is accomplished by
simultaneous elnmnatxon using three equations and
three unknowns as follows.

G, ~ G, B=Cop (@7 B — 9, B),
2 _ 2 2
C, ~ 9, G B = Cor 67" — &, 67). an
Thus,
_ . a2

(G, ~ ¢, 6C,) @16 — ¢, 67)

= 2 nmon

=(G, —4,5°C, ) (16"~ 8, B) (8
may be rewritten as

£2(~C, 9, Ko Ll YC )G, O 9, )

+ 5"—1(--c,2¢fl )+H(-C, ¢, )+C, ¢, =0. (18a)
8, an expression of non-ideality, can be evaluated from
eq. (18a) since C , ¢, and &, are known quanti-
ties. The unknown quannues C . G iy and BM; may
be obtained as follows

~,,6C,
@, pY’ o, ﬁ

nr0 15, = Cr0 - Cnro ?
(19)
BJ’II1 =(—Ing)AC, K,= C’"’ol(cl’o)n .

A similar procedure is followed for three species
and four species association. As is characteristic of the
non-ideality effect, the linearity tends to increase with
increasing BM; value.

Case (ii): qpPy 1P, +SPn, m>m>1)

In order to analyze a case in which three species
are involved in chemical equilibrium, using concentra-
tion as a function of radial distance, one must select
several sets of data points g, Ny, ry and ry so that
C C C C’ C Co =AC
C’o Clr +C +C

1t 12
G, =Gy 0,8 +Cpy (¢ B +C, @, 0",
c =G, 8.8 +C,, <¢ 52)'" +C,, (@, B,

6,3 =G, ¢ a3+c (qs 53)'"+c (¢ 53)"

(20)
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For Sim?ﬁ(ﬁty’: et g‘[ é;— ﬁs i") érzﬁ E §3 -~ ‘33( g
Substituting these values fnto eq. (20) gives

Cro = Clr°+ Cmro 0
Crl =C¥!a§1 * Cmrgg? * Cm;,gn'
Crz = Cia*ogl +cm!0§gz * Cnrog-” 4

Clr0§3 + Cmrog'gl * Cnragg*

These four equations must be solved simultaneously,
using four unknowns. Thus, elimination of C;, gives

{203}

c, -t -(c"* £)Cym, ¥ G~ 510G

G, ~5,G, =G ~ £y *@I— )Gy, @)
c,.3 - §'3 = (I’" fg)c + (fn §3)C;3r

Next, eiinunatmg C;,,,G .

(R AP TR LA B (45 29 1 (2 -4LC)

= [ :,)(s’* ) — G- £) (G rl)} -

GT-6)€,~6:6,) - CT-4)(C, ~5C,) (223)

= [P~ B —§3) — GP -8 I -5)1C,, -
Finally, eliminating C"’a .
(76, - 5,6, ) - GT~6)(C, ~5,G )]

X QP -5 GT —85) ~ GP -5 G- )]

= [T -§)(C,~556,) - CT- 1), ~H )]

X (T -5 G5~ - GF -8,)@T-§)]. (220)
where ;= ¢, ﬁ‘

8 may be evaluats'd from eq. (22b), since C, , C}. ’
C, .- ,3, ¢,. + ¢y, and ¢, are all known quantxt?es.

Tﬁen itis gossx?yle to evaluate the five quantities which
follow:

- GT’” f;)(c,-s‘“ §3C’0) - (f'i'——f‘s)((?’,} "flc,a)
CT-5)C3-5) ~CF-5)E -5
(6,56~ G5~55C,,
(f';'"§3) (23)

Cir, =€y~ Gy~ Crrye B3, =(—InB)IAC,

]

Wo

K mfal (cl”a)m and K =C I{C‘Ir .

Apgain negative values of BM; may be determined only

from a single root of eq. (20), a procedure made easier

by the use of 2 computer.

Case (iii): qP) Z 1P, +1F, +SF,, (a>m>I1>1)
When four species are involved in chemical equilib-

rium, chaose five points on the C= f(r) curve, ry, ry,

ry, r3andrg suchthat G, —C, =C, - C, =C, ~-C,

C C = AC
C {: +C{x ~1~C :{»{:'mb,
C’: 1:;}1 {'6}4}1 o §m+ nr
G, = Crf2 + G +c%§’j‘ +Cma§':’ 9
c',&xc §3+C,,§g+c 4G, 85
Cirp s ¥ G 84+ G §"" +cm o
whex'e =08 @,*EXP{mfx(f"“fz)i
e'(p(~3ﬁf AC)

Equation set {24) is solved as five simultaneous
equations in which the quantities Gy, G, , Crur s
and BM; are unknown. Elimination of Ci"e through
C,. yields one equation in which BAf; can be evalu-
ated. Once  is known, the quantity {; can be evalu-
ated. A set of equations to evaluate CI,. C,, Cm’a
and C"’o are determined using column tatrix trans-
formation. Thus, K, =C,, Gy, )", Kpy = Gy [(Cy, )™
and K; = C}F f(q, ¥ yield the ethbrmm constants
when four spec;es Pare involved.

The practical limits of this method become obvi-
ous in the evaluation of data points for three or four
species in chemical equilibrium. It should be noted
that error in the measurements will reflect on the ac-

curate determination of BM, .
Cise (iv): Indefinite association

The theoretical considerations to be applied to in-
definite association are similar to the procedure out-
lined by Elias and Lys [9] and Van Holde and Ros-
setti [35]. The quantity KC> 1, where X is the in-
trinsic equilibrium constant denoting quantities con-
sistent with Elias and Lys’ notation.

The total concentration, C, can be expressed as

o C,
c= D= ——. (25)
i (1-kC))
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Three points, 7y, r; and r, are selected so that the
concen:ration increment gives C C‘ C2 C =
AC. In some cases, several such sets must be evaluated

Clr
c =-_°
° o a-kG, )
. Clrl - 1r°§1 ’ 6)
T a-ke, (-G, )
C =____1r°_§2.___,
ik lr°§2)2
Letting i\:C'l,b =x,
> = C'lr,J".Cr - lq,g-l . - lr0§2 (2.7)
o a—xP " A—=xt ) 7 (A-xGP
Elimination of ;, gives
¢, (—x)? =€, (1-x§)*f;
— 2
or §1Cr0(l——x)2 =G, (1-xt;)",
2 _
G, (1% =C_(1-x5)*/%,
or §2Cr°(1—x)2 = c,2(1~x§2)2.
Eliminating x,
(14, WE G TG, ~1) =(1-4,) VTG, [T, - 1)(
‘)8)

& =@, 5=explLM(r}—r3)] exp{—BM, AC),
$:79, 82 = exp{LM, (r2—r2)] exp(—BM, 2AC). (29)

Eqs. (28) and (29) are used for evaluation of BA,,
and eq. (29) gives {; . Knowing {; , it is possible to
eva:uate

1 <"1 f - V&G, (30)

From egs. (25) and (30),
- 2 _ 2
Ch,0 = Cro(l -kC'lro) = C,o(l -~x)°.

The equilibrium constant k is computed from the fol-
lowing expression

k=x[Cy, . 31

This procedure, which incorporates the non-ideality

term BM; as well as the ideal case, can be applied to
numerous cases of ideal and non-ideal association in
a biological system. lts greatest advantage, beyond its
wide applicability, is the relative simplicity of the
computation involved compared to previously known
procedures (see appzendix II).

4. Basic equations for the application of G ») in graph-
ical analysis

4.1. Graphical approach to non-ideal cases

The quantities C versus r and dC/dr versus r are ex-
perimentally determined from sedimentation equilib-
rium measurements. From the previous section, it is
apparent that when the equilibrium conditions are met
the following expressions are applicable.

4 (nc +iBM,0)= L,

ar

9 (nc +BMC) = LM, . (32)
d.r2 1 1 1

Letting o; = C; expiBM; C and «;
¢q. (32) becomes
da; da

— =ia,,
do? !

=C exp BM; C,

—_——

> ; and o = expt(a‘ 00),
do” (33)

where 02 = LA r2. Thus, eq. (33) may be expressed

35*

dac dC
E—— = Bic,f1 ( ~BM, ) ( 1-BM, -——) iC,.
f do? i da o:lo2 zE
(39)
Eq. (34), expressed in terms of C and r, may be re-
arranged to yield an equation formally equivalent to

the Goldberg equation (3), for sedimentation equilibria
data. Hence dC/dp? is equivalent to M., C/M; .

ac ”E‘JC +BM
* de; dlne; dIng dac
———._’_"
a;da” do® do? ‘doz



P.W. Chun, §.J. Kim{Self-asieciating protein systems 51

do? 1
dme N7

This expression is equivalent to the weight average
molecular weight for the self-associating solute. Thus,
we may define a new weight average quantity I, ob-
tained by rectangular approximation.

or +BM,C. (35)

G Qo)
= i f i, f (}j,dc;.,mgﬁt, aac)
Cm 0 i
m
= zi‘jc;.;i +§ BM,C?. (36)

Eq. (36) is applicable only when the meniscus Cj;,
is depleted in the sedimentation run. If this is not the
case, the quantity § must be plotted as a function of
concentration and further extrapolation is required.
In order to evaluate the quantity £ in this equation,
experiments must be performed at several concentra-
tions,
1IC=33£1i + 5 BM,C. G7)

1
Eq. (37} is valid where C 2 C;, . The apparent weight
fraction is given by

L= fC

and  dinf *(dlnal[dln(?w DdnC
Thus,

ding, = (-&“‘%2—6, - 1) —‘3&9. (38)
Integration of eq, (38) gives

lag
e,if’ffe C{‘ dlaf,=Inf,. 39)
f, = iC=f, expBM,C. 40)

Equations given to this point will suffice to evalu-
ate the unknown quantities C; and 8M; . Once these
quantities are known, the maode of association aud
the equilibrium constant can be evaluated by graphi-
cal analysis as follows.

Case(if: B, 2P, (n>1)

For monomer#i-mer association, the following
sets of equations must be evalnated.

do 1

=l-fi T TEMG
L. +—{’5+‘BMC' Inf = BM, 4
SO CEBMC Inf,=lnf +BMC  (41)

Elimination of the non-ideality term from these equa-
tions vields two fundamental expressions which can
be applied te any self-associating system,

= (H]C — do¥}/d In O)

=Ufy + LI - 1 +af), (42)
n={da*/dInC~1nf) = 1 +nf,)~Inf. (43)
After substitution of £, = (1 —f] ), ¢q. (42) becomes
£ =2l +(1/my(L-f)} - U {fy +n(1-1].- (44)

Rearrangement of eq. (44) yields the quadratic equa-
tion

3 H(+E)--2 n{nE--1
f- g{i}n * »,E,i i}f =0.
Solving for f; from eq. (44)
=3 (1 +ng/2n- 1)}
£ I/ #nE2(1- D] —2u(re— ) (i— 2]

43}

At G, =0, =1, ] approaches

[ 2011 2 (1-2)2(n- 1)} = 1,

AtC - oo, £~ 1fn, fi approaches

I+ 12— +1/2(n-1))] =0.

From eq. (43), letting 2 = § [1 +n&/2(n~1)] and

& = §Va® — n(nE-Din-1)* , (46)

as C approaches zero, f; =4 + b. At higher concen-
trations, f{ =a — b. It is apparent that the value of £
changes its sign at a point d£/df; = 0. Therefore,

2_ I

" fp~(@-DR1?

and
P \nj2
L (1)
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where fj is less than 1.
£=21 —/12n+ Un)

1
~ a2~ V2R tn). @7

Given values of £ at various concentrations, f; is readi-
ly obtained. f; may aiso be evaluated from eq. (43)
as follows

1 _
avinf, ="

where fy = f(£). From eq. (33),
5= (an_fC)e"BC and £ =faegc-
Thus,
I, =¢C and £, =(afC) (1)
Eqgs. (47) and (48) yield

c ¢ 1

= \ ::if
24 —Fyg ™ 3
] n(fiff;)"\ﬂ+mfi f,j n

(48)

2 - C 1 _
% exp n(o 0’(2)) n(fl/f;)" (ﬂ‘*‘lﬂfi fi) .

These expressions may be combined to yield
In¥ =In &, + n(a® — o2). (49)
In brief summary, the graphical proceduse for plotting

In ¥, versus (oz-—ag) from eq. (49) is as follows
(1) For each n, eq. (45) gives

- 1 2
fn=ath, 1<k <2(I +5_V;)’ C<Cgmx,
=a-b, 1<g<2(1 +1—Vz), c<c_ .
n 7 n £max
(2) Plotting In ¥, versus (¢2—03) should yield a
straight line with a slope n, and intercept lnaz,,o; then
BM; =In(f; [f,)/C for each given concentration. If no
straight line is obtained, 1—m association is not oper-
ating in the system.

(3) Equilibrium constants are evaluated from ay, =
f%/C‘O and X,, = Clc + C',,o.

Case (ii}; Indefinite association

In cases of indefinite association, in which a single

equilibrium constant applies to monomer addition

for all species, the basic assumptions and notation are
consistent with those of Elias and Lys [9] , Van Holde
and Rossetti [35], and Adams and Lewis [40].

- 2
C=G G~ kG2,

do? _1-KG
dinC ~ 1+kC

I/C=(1 —kC}) + 3 BM, C.

Elimination of the non-ideality term from these equa-
tions yields

£=2/C~ do?/dInC = 2(1-kC; ) — (1-KC (14K C; ).

+BM,C, 0)

G

Letting kC; =X, then eq. (51) becomes
y = (12N (1423

TN
or
2P+ E-1A+@E-1)=0. 52)
This quadratic equation yields
A=S - GE-DESE-1)7 - 8E-1)]. (53)

At (> 0,£=12and X=k(; -+ 0. In this case, eq.
(53) carries a negative sign at low concentration. As
the concentration increases XC; ~ 1 and £ ~ 0, and
only a positive sign of the quadratic eq. (53) will satis-
fy these conditions. To evaluate the apparent weight
fractions, eq. (33) and X determined from eq. (33)

are combined, giving the expression

Inae=2In(; —)+InC-2JC-{1 —Q0}], 49
which is equivalent to
Ina = Infagexp(c®~o)] =Iney +(c?>—02).  (55)
Eq. (55) may be rewritten as

=Iney +(0®~a2). 56)
¥ipde can be cvaluated from this expression, providing
that C, § and I/C are known. In graphical analysis, a
plot of ¥j,4. versus (az—-ag) is constructed. If inde-

Iinite association is operating in the system, the plot
should yield a straight line.

Y.

inde
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4.2. Graphical approach to ideal cases (see appendix
)

The methods outlined may be readily applied to
ideal cases of self-association in which BM; = 0.

5. Enumeration of interacting species in seli-
associating protein systems

Eq.(13a) in section (2) is a fundamental expres-
sion in the enumeration of components by principal
component and factor analysis. These methods deter-
mine in principal only linearly independent compo-
nents or species. All linearly dependent species appear
as one component.

5.1. Generation of the matrix from the cancentration
profile as a function of radial distance

After the initial sedimentation equilibrium runs
have been made as described below to generate the
matrix, duplicate runs are made at varying concentra-
tions and the profiles of C= f{r) recorded in tabular
form, as follows:

Radial distance ry rp, rj3 AR 51
Conc. (g/dl) Cll Clz Cl3 bl Cll
Error ’ €11 €12 €13 see €57

In order to establish the error matrix, several initial
runs are made at a given concentration. It is assumed
that the error values determined for these initial runs
remain the same for all runs at other concentrations.
Indeed this is probably not the case, but determina-
tion of the error values at every concentration is not
feasible. The error value for a single element is detes-
mined from the standard deviation:

n
82 =37(C,— C )% l(n—1),

=1

where Cp; is the mean value of # measurements.

All concentration profiles are sampled over the
entire [ength of the liquid column and at as many
points as is practical (15-20 points of the radial dis-
tance are minimal).

From a seiies of such tables at varying concentra-
tions, the data matrix is generated, with the number

of rows being equal to the number of duplicate sample
runs, and with each column representing a specific
value of C,n from eq. (13a).

5.2. Setting up the matrix for principal component
[36] aralysis

In order to set up the matrix, eq. (13a) can be re-
written as

]
6““=/§1q’§"” G=1,2,.mk=12,..,0. (57)

A set of n X I equations of the following matrix can
be set up based on C versus r data as described above.

Ciy CiaCu |
Cy CpCy

[Esk] il —_
_CnI CnZ ‘"Crzl !
1 Ry, Ry3- Ry
Ryp 1 Ryz.-Ry,
. (58)
_I "'_Rsl

Ry Rp Rpz--1

A simplified procedure based on the # X ! matrix
follows, to demonstrate the relative ease with which
it can be used to enumerate components in a system
using a Biomed computer program (03M, by Dixon,
UCLA) [39]. [Cy] is converted to the correlation
matrix, [R..], Ehjch determines the correlation be-
tween C. and C,; where the first subscript denotes
an observation. Let \; be the largest eigenvalue of
[Ry ] between C.;and C.;.. This correlation matrix
is replaced with the eigen matrix which follows.

-

Sll RIZ R13 "'Rll

R2l SZZ R23 b RZ! (59)
° ° 5}3 - R.3l

‘_{all RIZ R13 - SII |
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Diagonal elements of this matrix, Sy, are the square
multiple correlations of C, j With C.p...C.p.Let
6,.6,,...,0; be the eigenvalues and ¢ , ¢, ...,&; be
the associated eigenvectors of this matrix. Although
eigenvalues may be negative or positive, only positive
values are considered. The number of components
will be equivalent to the number of eigenvalues
greater than unity accounting for most of the total.

Enumeration of components by principal com-
ponent analysis is a simple matter, and after consider-
ing statistical significance and criteria used in the anal-
ysis, it is apparent that the eigenvalue is one of the
best tools available for delineating the number of
components present in a system [28,29,37]. Perhaps
the biggest drawback of this simple criterion is the
problem posed when eigenvalues are close to unity.
For example, it does not appear altogether proper to
retain an eigenvalue of 1.00 and drop a subsequent
one of 0.97, or to consider that an eigenvalue of 0.98,
for example, does not belong to a component or fac-
tor contributing significantly to the result. In such
instances, other empirical criteria or perhaps rigorous
statistical tests may be useful to supplement the anal-
ysis. When principal component and factor analysis
are used, these methods determine in principal only
linearly independent components. All linearly depen-
dent components appear as a single compornent.
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Appendix I: Non-linear least square analysis for evalu-
ation of M, and Cf’o

In order to compute C = f(r), eq. (10) becomes

n
G =iZ=% Ciy, €XD i[LMl(r,?'—r(Z))

—BM(C-C )] +8;, (=1,...m), (A1)

where 8;, the experimental error in making a2 measure-
ment, can be written as

n
8=C— g Cir, expE[LM, (F-r3)~BM, (c-C,)1-
(A.2)

As noted from eq. (A.2), we are trying to determine
Cir, and BM, so as to minimize the sums of the square
of the experimental error function, i.e.,

CD(C}ro' Cbo' T Cnro' BM].)

m n
=2> C-—Z;C-
j=l[] =1 o

expi [LM] (r]?—rg) —BM,(C-C, )

Aa3)
or
“ 2
Gy, Coryroves Crgyr BMy) = I_Z_%a,- . a9

The most common procedure for non-linear least
square analysis is based on a modified Gauss—Newton
method (BMD X85, UCLA, No.3, Biomedical com-
puter program of Dixon, 1969). In order to compute
eq. (10) in which C’"o and BM, are unknown, the con-
centration as a functron of radial distance, initial val-
ues of C;, and BM; must be assigned. Once the initial
estimates have been put in, the computer program
makes continuous changes in the parameters, with
each iteration resulting in successively smaller mean
square deviations of the abserved C; value of eq. (10)
with respect to f(r). The procedure is continued un-
til the mean square deviation is minimized.

Appendix H: Graphical approach to ideal cases
Case (i): Monomer-n-mer association

(1) A plot of In(C—Cy) versus (0% — 63) will give
a straight line with a slope of n. InC,, _ is evaluated
at the intercept, where g =.0,.

(2) A plot of In (dC/do2—C) versus (62— 03) gives
a slope of n. The intercept will yield In (n—1)C,, ;
thus K, = C,,ol(Clo)".

Case (ii): Indefinitz association
Plotting In (1 —I/C) versus (02—0(2,) should yield

a straight line with a slope of k(5 . C; may be direct-
o ~Yp
ly evaluated from

1} ?
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C
€, =Cexp [ @*/[dInC - 1)CtaC.
(i)

Cuse (iii): Three species association

(1) A plot of In ¥,,, =In(z~m)C,,_+n(c®~a3)
versus (o2~ ag) will yield a straight line, where mz is
assumed and n is obtained from the slope. Thus,
In(n—-m)C,, may be evaluated at the intercept.

_ (2) Y, =(dC/da?)-2C~C; for 1—2—n association,
Y= (dCIdoZI?z—IiCi-ZCI for 1—3—n association, etc.
K = CooIC", Ky = G ICT. .
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